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1 Extending the Factorials

There are many functions which are defined only for natural numbers. One of the simplest is
sum of the first n natural numbers:

T : N → N T (n) :=

n
∑

k=1

k = 1 + 2 + · · · + (n− 1) + n.

Simple algebra yields the formula

T (n) =
1

2
n(n+ 1) (1.1)

as rediscovered by Gauss in his childhood [11]. This formula does not rely on summation, so we
can plug in non-integer values and get, for example,

T
(

4 1
2

)

=
1

2
· 4 1

2 · 5 1
2 =

99

8
= 12 3

8 .

It makes no sense to talk about the sum of the first 4 1
2 natural numbers, but equation (1.1)

affords one possible interpolation between the known values.
In the same way, the factorial function n! is only defined for positive integers:

n! := n · (n− 1) · (n− 2) · · · · · 3 · 2 · 1

together with the convention that 0! = 1 (it is an empty product). Factorials appear in so many
places in mathematics, particularly in analysis and combinatorics, that a formula like (1.1) which
would allow computation of n! without having to perform the multiplication was searched for by
many mathematicians. However, no “simple” formula like (1.1) exists [7].

The question of finding any formula, simple or not, vexed the mathematicians of the eigh-
teenth and nineteenth centuries. It was Leonhard Euler (1707–1783) who first discovered a
formula for the factorials. The so-called Gamma function is defined in Rudin [9] as follows:

Definition 1.1. For 0 < x <∞,

Γ(x) :=

∫

∞

0

tx−1e−t dt. (1.2)

But what does definition 1.1 mean? We are used to integrating over a closed interval [a, b],
not over a range like [0,∞). What is meant by this notation is an improper integral :

∫

∞

a

f(t) dt := lim
k→∞

∫ k

a

f(t) dt.
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When 0 < x < 1, there is an additional problem lurking in (1.2): tx−1 is undefined at x = 0. So
in fact we must also take another limit:

∫

∞

0

tx−1e−t dt := lim
k→∞

lim
h→0

∫ k

h

tx−1e−t dt.

Fortunately, many of the familiar properties of integrals hold for improper integrals. But we must
first verify that our definition makes sense, i.e. that the integral in definition 1.1 does actually
converge. To do so, we make use of a comparison test for improper integrals:

Lemma 1.2. If 0 ≤ f(x) ≤ g(x) for all x ∈ (a, b), where a, b ∈ [−∞,∞], and the improper

integral
∫ b

a
g(x) dx converges, then the improper integral

∫ b

a
f(x) dx converges also.

This is intuitively obvious: if the area under the graph of a function g is finite, then a subset
of that area (the area under the graph of f) will also be finite. (This is much like the comparison
test for infinite series: if 0 ≤ an ≤ bn for all n ∈ N, and

∑

bn converges, then
∑

an converges
too.) A formal proof is given in Walker [12, thm. 5.3].

Lemma 1.3.

∫

∞

0

tx−1e−t dt converges for all x ∈ (0,∞).

Proof. Firstly, we split the integral into

∫

∞

0

tx−1e−t dt =

∫ 1

0

tx−1e−t dt+

∫

∞

1

tx−1e−t dt

and show that each of the two integrals on the right-hand side converge individually. In each
case we find f(t) such that 0 ≤ tx−1e−t ≤ f(t), and then show that the integral of f(t) over the
domain is finite, and hence so is the integral of tx−1e−t.

For the first integral, since e−t ≤ 1 for t ≥ 0, we have that 0 ≤ tx−1e−t ≤ tx−1 for t > 0.
Then

0 ≤
∫ 1

0

tx−1e−t dt ≤
∫ 1

0

tx−1 dt = lim
a→0+

∫ 1

a

tx−1 dt = lim
a→0+

[

tx

x

]1

t=a

= lim
a→0+

(

1

x
− ax

x

)

.

Now, if x > 0, then ax → 0 as a → 0+, so the integral
∫ 1

0
tx−1 dt converges to 1

x . Hence
∫ 1

0
tx−1e−t dt converges.

For the second integral, note that limt→∞ tre−t/2 = 0 for any r ∈ R. Hence for any x > 0,
there exists kx such that 0 ≤ tx−1e−t/2 ≤ 1 for t ≥ kx. Now fix x > 0, and split the integral at
kx:

∫

∞

1

tx−1e−t dt =

∫ kx

1

tx−1e−t dt+

∫

∞

kx

tx−1e−t dt.

The first of these terms is simply a finite integral. For the second, when t ≥ kx we have that
tx−1e−t = (tx−1e−t/2)e−t/2 ≤ e−t/2, and so

∫

∞

kx

tx−1e−t dt ≤
∫

∞

kx

e−t/2 dt = lim
a→∞

[

−2e−t/2
]a

t=kx

= lim
a→∞

(

2e−kx/2 − 2e−a/2
)

= 2e−kx/2.

This shows that the second term is convergent, and so
∫

∞

1 tx−1e−t dt converges. This means

that
∫

∞

0
tx−1e−t dt converges for all x with 0 < x <∞, by lemma 1.2.

Having shown that Γ(x) is well-defined, we must consider what the definition actually means.
It is all very well to say that Γ extends the factorial function to 0 < x < ∞, but this is not at
all obvious from the definition. In order to show this, we first need a preliminary result:
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Proposition 1.4. For all x > 0, Γ(x+ 1) = xΓ(x).

Proof. From (1.2), Γ(x+ 1) =

∫

∞

0

txe−t dt. Integrating by parts gives

Γ(x+ 1) =
[

−txe−t
]

∞

0
−
∫

∞

0

xtx−1(−e−t) dt

= lim
k→∞

[

−e−ttx
]k

0
+

∫

∞

0

xtx−1e−t dt

= lim
k→∞

(

−e−kkx
)

+ x

∫

∞

0

tx−1e−t dt

Now as k → ∞, kxe−k → 0, so we get

Γ(x+ 1) = x

∫

∞

0

tx−1e−t dt = xΓ(x).

We are now ready to show:

Theorem 1.5. For all n ∈ N, Γ(n+ 1) = n!.

Proof. By proposition 1.4, we have

Γ(n+ 1) = n · Γ(n)

= n · (n− 1) · Γ(n− 1)

...

= n · (n− 1) · · · · · 2 · 1 · Γ(1)

= n! · Γ(1).

Hence it suffices to show that Γ(1) = 1 = 0!. By definition 1.1, we have

Γ(1) =

∫

∞

0

e−t dt = lim
k→∞

[

−e−t
]k

0
= lim

k→∞

(

−e−k + 1
)

= 1.

The modern notation is due to Adrien–Marie Legendre (1752–1833). It is unfortunate that
Γ(n+ 1) = n! rather than Γ(n) = n!; the reasons have become lost in the mists of time.

2 Convexity and the Gamma Function

Theorem 1.5 shows that Γ gives us a way of extending the factorial function from the natural
numbers to all real x > −1. But it is not the only way. If we simply draw any curve through
the points (1, 1), (2, 2), (3, 6), (4, 24), . . . , then it will return factorials at integer values. Euler’s
answer was to create the Gamma function as in definition 1.1, like some deus ex machina. Jacques
Hadamard (1865–1963) proposed the following alternative [7, (34)]:

F (x) :=
1

Γ(1 − x)

d

dx
log

(

Γ
(

1−x
2

)

Γ
(

1 − x
2

)

)

.

This does indeed give F (n+ 1) = n! for every natural number n. So why do we consider Euler’s
solution as the solution?

We want a function which extends the factorial function to all real x > −1, which the Gamma
function does. But this requirement does not, of itself, restrict us enough; that is, there are other
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functions, besides the Gamma function, which satisfy f(n + 1) = n! for all natural numbers n.
So, we seek a condition which means that any such function cannot be anything else but the
Gamma function.

First of all, we note that proposition 1.4 does not only apply for natural numbers x; the
formula Γ(x + 1) = xΓ(x) is valid for any x > 0. This is therefore stronger than only requiring
f(n+1) = n!, since it means that the values of Γ in any range [x, x+1] determine Γ on the whole
real line. This restricts us somewhat, but not enough; Davis [7, (35)] provides the example

G(x) :=



























1
x 0 < x ≤ 1
1 1 ≤ x ≤ 2

x− 1 2 ≤ x ≤ 3
(x− 1)(x− 2) 3 ≤ x ≤ 4

...

which satisfies the relation in proposition 1.4 and has G(1) = 1, but clearly is not the Gamma
function.

To completely characterise the Gamma function among the possible extensions of the factorial
function, we introduce the notion of convexity. This is a very intuitive concept: a subset X ⊂ Rn

is convex if, when you pick any two points A,B ∈ X , every point lying on the line joining A to
B is also in X .

For example, consider the graph of f(x) = x2. The set of points lying on or above the graph
of f is a subset of R2: moreover, this set is convex. In general, we call a function convex if the
set of points lying on or above the graph of the function (known as the epigraph) is a convex
set. We define this formally as follows:

Definition 2.1. A function f : (a, b) → R is called convex if for any x, y ∈ (a, b), we have

f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

for all λ ∈ (0, 1).

Here we have parametrised the interval (x, y) as {λx + (1 − λ)y | 0 < λ < 1}; what this
definition means is that, as you move from x to y, the line joining (x, f(x)) to (y, f(y)) always
lies above the graph of f . Convexity is a smoothness condition on a function; any convex function
on an open interval must be continuous, as we show now:

Lemma 2.2. Any convex function f : (a, b) → R is continuous.

Proof. This proof is taken from Rudin [10, thm. 3.2]. The idea of the proof is best conveyed in
geometric language, and, as Rudin slyly notes, “those who may worry that this is not ‘rigorous’
are invited to transcribe it in terms of epsilons and deltas”.

Suppose a < s < x < y < t < b. Write S for the point (s, f(s)), and similarly for x, y and t.

r

r

r

r

S

X

Y

T

Figure 1: A convex function.
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As can be seen from figure 1, convexity implies that X must lie on or below the line SY ,
hence Y is on or above the line through S and X ; also, Y is on or below the line XT . As y → x+,
the point Y is sandwiched between these two lines, and hence f(y) → f(x). Left-hand limits are
handled similarly, and continuity of f follows.

Note that the openness of the domain is necessary: for instance f(x) = 0 for x ∈ [0, 1) and
f(1) = 1 is a convex function on [0, 1] which is not continuous [10]. Clearly, however, such
discontinuities can only occur at the endpoints of the interval.

Given two points x and y in the domain of a real function f , we form the difference quotient
f(y)−f(x)

y−x , representing the slope of the chord from (x, f(x)) to (y, f(y)). With convex functions,
the difference quotient always increases as we increase x and y:

Proposition 2.3. If f : (a, b) → R is convex and if a < s < t < u < b, then

f(t) − f(s)

t− s
≤ f(u) − f(s)

u− s
≤ f(u) − f(t)

u− t

Proof. Let a < s < t < u < b. Then

f(λs+ (1 − λ)u) ≤ λf(s) + (1 − λ)f(u)

Let λ = u−t
u−s . Then λs+ (1 − λ)u = u+ λ(s− u) = t, and so

f(t) ≤ f(u) +
u− t

u− s
· (f(s) − f(u)). (2.1)

Rearranging (2.1) gives f(u)−f(s)
u−s ≤ f(u)−f(t)

u−t . Furthermore, writing u−t
u−s = 1+ s−t

u−s in (2.1) gives

f(t) ≤ f(s) +
s− t

u− s
(f(s) − f(u))

which rearranged gives f(t)−f(s)
t−s ≤ f(u)−f(s)

u−s . Hence

f(t) − f(s)

t− s
≤ f(u) − f(s)

u− s
≤ f(u) − f(t)

u− t

as required.

Consider again the example of f(x) = x2. Now, if we take logarithms of both sides, we get
log f = 2 logx. Now, log x is not a convex function: for each pair of points, the line joining them
lies below the graph, not above it; so log x is in fact concave, not convex. So log f is not convex
either. But consider g(x) = ex, which is convex; in this case log g = x, which is also convex. We
say that g is log-convex ; this is a stronger property than convexity, as we show now:

Proposition 2.4. Given a function f : (a, b) → R, if log f is convex, then so is f itself.

To prove this we need a preliminary lemma:

Lemma 2.5. Any increasing convex function of a convex function is convex.

Proof. Let f : (a, b) → (h, k) be convex and let g : (h, k) → R be convex and increasing, i.e.
x ≤ y =⇒ g(x) ≤ g(y). By the convexity of f , for any a < x < y < b we have

f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)

for any λ ∈ [0, 1]. Now as g is increasing, applying g to both sides preserves the inequality.
Hence by the convexity of g, we get

g(f(λx+ (1 − λ)y)) ≤ g(λf(x) + (1 − λ)f(y)) ≤ λg(f(x)) + (1 − λ)g(f(y)).

Hence g ◦ f is convex.

Proof of Proposition 2.4. If log f is convex, then by lemma 2.5, since ex is increasing and convex,
we have that elog f = f is also convex.
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We can now return to the Gamma function. Figure 2 shows the graph of Γ:

x

Γ(x)

1 2 3 4

1

2

3

4

5

6

Figure 2: The graph of Γ(x).

It is plain to see from figure 2 that Γ is convex. However, Γ in fact increases so steeply as
x→ ∞ that:

Theorem 2.6. Γ: (0,∞) → R is log-convex.

The graph of log Γ is shown in figure 3.

x

Γ(x)

1 2 3 4 5 6 7 8

1

2

3

4

5

6

Figure 3: The graph of log Γ(x).
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To prove that log Γ is convex (which will imply that Γ is convex) we need an inequality known
as Hölder’s inequality:

Lemma 2.7 (Hölder’s inequality). Let p and q be positive real numbers such that 1
p + 1

q = 1.

Then for any integrable functions f, g : [a, b] → R, we have

∣

∣

∣

∣

∣

∫ b

a

f(x)g(x) dx

∣

∣

∣

∣

∣

≤
(

∫ b

a

|f |p dx

)1/p(
∫ b

a

|g|q dx

)1/q

.

Proofs of Hölder’s inequality can be found in Rudin [10, thm. 3.5] and Capiński and Kopp
[6, thm. 5.21].

Proof of Theorem 2.6. Let 1 < p <∞ and 1
p + 1

q = 1. As in Rudin [9, thm. 8.18(c)], consider

Γ

(

x

p
+
y

q

)

=

∫

∞

0

t(x/p + y/q − 1) e−t dt

=

∫

∞

0

tx/p ty/q t−1/p t−1/q e−t/p e−t/q dt as 1
p + 1

q = 1

=

∫

∞

0

(

tx−1e−t
)1/p (

ty−1e−t
)1/q

dt

≤
(
∫

∞

0

tx−1e−t dt

)1/p (∫ ∞

0

ty−1e−t dt

)1/q

by lemma 2.7

= Γ(x)1/p Γ(y)1/q.

Let λ = 1
p , and hence 1 − λ = 1

q . Then λ ∈ (0, 1), and

Γ(λx+ (1 − λ)y) ≤ Γ(x)λΓ(y)1−λ

=⇒ log Γ(λx+ (1 − λ)y) ≤ log
[

Γ(x)λΓ(y)1−λ
]

= λ log Γ(x) + (1 − λ) log Γ(y).

for any x, y ∈ (0,∞). Hence log Γ is convex.

At this point one may wonder why the log-convexity of Γ is of any use. It is thus a fascinating
theorem of Bohr and Mullerup that proposition 1.4, theorem 1.5 and theorem 2.6 characterise Γ
completely:

Theorem 2.8 (Bohr–Mullerup). If f : (0,∞) → (0,∞) satisfies

1. f(1) = 1,
2. f(x+ 1) = xf(x), and

3. log f is convex,

then f(x) = Γ(x) for all x ∈ (0,∞).

Essentially, having fixed the integer values of f(x), the convexity of log f(x) restricts the
growth of f in such a way as it must be the Gamma function.

Proof. We follow the elegant proof in Rudin [9, thm. 8.19]. Since we have already shown that Γ
satisfies conditions 1 to 3, it suffices to prove that f(x) is uniquely determined by these conditions.
Furthermore, by condition 2 it is enough to prove this only for x ∈ (0, 1).

Set ϕ = log f . Condition 1 implies that ϕ(1) = 0. Taking logarithms, condition 2 becomes

ϕ(x+ 1) = ϕ(x) + log x. (2.2)

Condition 3 means that ϕ is convex.
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Let 0 < x < 1, and let n ∈ N. Consider the difference quotients of ϕ as in proposition 2.3;
let s = n, t = n+ 1, and u = n+ 1 + x to get

ϕ(n+ 1) − ϕ(n) ≤ ϕ(n+ 1 + x) − ϕ(n+ 1)

x
.

Using the difference quotients for s = n+ 1, t = n+ 1 + x, u = n+ 2 gives

ϕ(n+ 1 + x) − ϕ(n+ 1)

x
≤ ϕ(n+ 2) − ϕ(n+ 1).

Note that ϕ(n + 1) − ϕ(n) = logn, and ϕ(n + 2) − ϕ(n + 1) = log(n + 1). So combining these
gives

log n ≤ ϕ(n+ 1 + x) − ϕ(n+ 1)

x
≤ log(n+ 1).

Now, repeatedly applying (2.2) gives

ϕ(x+ n+ 1) = ϕ(x+ n) + log(x+ n)

= ϕ(x+ n− 1) + log(x+ n) + log(x+ n− 1)

= ϕ(x+ n− 1) + log(x+ n)(x+ n− 1)

= ϕ(x+ n− 2) + log(x+ n)(x+ n− 1)(x+ n− 2)

...

= ϕ(x) + log [(x+ n)(x+ n− 1) . . . (x+ 1)x] .

Also by (2.2), we have ϕ(n+ 1) = log(n!). So

ϕ(n+ 1 + x) − ϕ(n+ 1)

x
=

1

x
[ϕ(x) + log [(x+ n) . . . (x+ 1)x] − log(n!)] .

This gives

logn ≤ 1

x
[ϕ(x) + log [(x+ n) . . . (x+ 1)x] − log(n!)] ≤ log(n+ 1).

Multiplying through by x gives

lognx ≤ ϕ(x) + log [(x+ n) . . . (x+ 1)x] − log(n!) ≤ log(n+ 1)x.

Subtracting log nx from each expression gives

0 ≤ ϕ(x) + log [(x + n) . . . (x+ 1)x] − log(n!) − lognx ≤ log(n+ 1)x − lognx.

Simplifying each of these expressions gives

0 ≤ ϕ(x) − log

[

n!nx

x(x + 1) . . . (x+ n)

]

≤ x log

(

1 +
1

n

)

.

Having obtained this, we let n→ ∞, where we see that log
(

1 + 1
n

)

→ log 1 = 0, and hence

ϕ(x) = lim
n→∞

log

[

n!nx

x(x+ 1) . . . (x+ n)

]

In any case ϕ is uniquely determined, and the proof is complete.
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From the last equation in this proof, we obtain the following corollary:

Corollary 2.9. For all 0 < x <∞, Γ(x) = lim
n→∞

[

n!nx

x(x + 1) . . . (x+ n)

]

.

This gives us an alternative form of Γ(x) which will come in useful later.

Proof. The proof of theorem 2.8 shows that

ϕ(x) = lim
n→∞

log

[

n!nx

x(x+ 1) . . . (x+ n)

]

for 0 < x < 1. As log is continuous, we can exchange the log and the lim to get

ϕ(x) = log lim
n→∞

[

n!nx

x(x + 1) . . . (x + n)

]

.

Exponentiating both sides gives

Γ(x) = lim
n→∞

[

n!nx

x(x + 1) . . . (x+ n)

]

(2.3)

for 0 < x < 1. (2.3) also holds for x = 1, since then we have

Γ(1) = lim
n→∞

[

n!n

1 · 2 · · · · · (n+ 1)

]

= 1.

So (2.3) holds for 0 < x ≤ 1. Using proposition 1.4, we see that

Γ(x + 1) = x lim
n→∞

[

n!nx

x(x + 1) . . . (x + n)

]

= lim
n→∞

x+ n+ 1

n

[

n!nx+1

(x+ 1) . . . (x+ n)(x + n+ 1)

]

= lim
n→∞

[

1 +
1 + x

n

]

· lim
n→∞

[

n!nx+1

(x+ 1) . . . (x+ n)(x+ n+ 1)

]

= lim
n→∞

[

n!nx+1

(x+ 1) . . . (x+ n)(x+ n+ 1)

]

.

From this we get that (2.3) holds for 1 < x ≤ 2 as well; repeatedly applying this argument gives
that (2.3) applies for all x > 0, as required.

3 The Beta Function

Our quest would seem to be at an end: the Gamma function is the only extension of the factorial
function which is log-convex. It should be emphasised that it took mathematicians a long time
to figure this out; as Davis [7] succinctly puts it: “The proof: one page. The discovery: 193
years.”

However, log-convexity seems somewhat contrived as a reason for favouring the Gamma
function among possible extensions of the factorial function. We now consider various integrals
associated with the Gamma function and show its use in evaluating a number of integrals, as
well as some infinite products, and we will see that the real reason for favouring the Gamma
function is its ubiquity.

The integral in the definition of the Gamma function (definition 1.1) is known as Euler’s

second integral [4]. Euler’s first integral is another integral related to the Gamma function,
which he also proposed:
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Definition 3.1. For x, y > 0, define

B(x, y) :=

∫ 1

0

tx−1(1 − t)y−1 dt.

This is also known as the Beta function [9]. In order that this definition makes sense, we
must verify that the integral actually exists, since if x < 1 then the integrand blows up at 0, and
if y < 1 then the integrand blows up at 1. This is again an improper integral, and we prove that
it converges now:

Lemma 3.2.

∫ 1

0

tx−1(1 − t)y−1 dt converges for all x, y ∈ (0,∞).

Proof. As in the proof of lemma 1.3, we split the integral as

∫ 1

0

tx−1(1 − t)y−1 dt =

∫ 1/2

0

tx−1(1 − t)y−1 dt+

∫ 1

1/2

tx−1(1 − t)y−1 dt

and use lemma 1.2 to prove convergence of each separately.
For the first integral, note that tx−1(1 − t)y−1 ≤ tx−1 for 0 < t ≤ 1

2 , so

∫ 1/2

0

tx−1(1 − t)y−1 dt ≤
∫ 1/2

0

tx−1 dt = lim
a→0+

[

tx

x

]1/2

t=a

= lim
a→0+

(

(

1
2

)x − ax

x

)

Now, if x > 0, then ax → 0 as a→ 0+, so the first integral is finite if x > 0.
Similarly, for the second integral, note that tx−1(1 − t)y−1 ≤ (1 − t)y−1 for 1

2 ≤ t < 1, so

∫ 1

1/2

tx−1(1 − t)y−1 dt ≤
∫ 1

1/2

(1 − t)y−1 dt = lim
a→1−

[

− (1 − t)y

y

]a

t=1/2

= lim
a→1−

(

(

1
2

)y − (1 − a)y

x

)

Now, if y > 0, then (1 − a)y → 0 as a → 1−, so the second integral is finite if y > 0. Thus
∫ 1

0 t
x−1(1 − t)y−1 dt converges for all x, y > 0.

At first sight, the Beta function does not appear to be related to the Gamma function at all;
for one, the Beta function is a function of two variables, not of one variable. In light of this, the
following theorem is thus somewhat surprising:

Theorem 3.3. For all x, y > 0, we have

B(x, y) =

∫ 1

0

tx−1(1 − t)y−1 dt =
Γ(x)Γ(y)

Γ(x + y)
. (3.1)

This is in fact a consequence of the Bohr–Mullerup theorem (theorem 2.8): we will show that

B(x, y) is log-convex, and hence so is B(x,y)Γ(x+y)
Γ(y) ; and since this last expression satisfies the

multiplication formula and takes the value 1 when x = 1, it must be equal to Γ(x).

Proof. The following argument is based on the proofs in Rudin [9, thm. 8.20] and Artin [4,
pp. 18–19].

Consider f(x) = Γ(x+y)
Γ(y) B(x, y) as a function of x for each fixed y, where x, y ∈ (0,∞). We

show that f(x) = Γ(x) using the Bohr–Mullerup theorem (theorem 2.8). Firstly,

f(1) =
Γ(1 + y)

Γ(y)
B(1, y) = yB(1, y)

10



by proposition 1.4. However,

B(1, y) =

∫ 1

0

(1 − t)y−1 dt =

∫ 1

0

uy−1 du =
uy

y

∣

∣

∣

∣

1

0

=
1

y

using the substitution u = 1 − t. Hence f(1) = 1. Furthermore, consider

B(x+ 1, y) =

∫ 1

0

tx(1 − t)y−1 dt =

∫ 1

0

(

t

1 − t

)x

(1 − t)x+y−1 dt.

Integrating the second integral by parts (differentiating the first term and integrating the second)
yields

B(x+ 1, y) =

[

− t
x(1 − t)y

x+ y

]1

t=0

−
∫ 1

0

−(1 − t)x+y

x+ y
· xtx−1

(1 − t)x+1
dt

=
x

x+ y

∫ 1

0

tx−1(1 − t)y−1 dt =
x

x+ y
B(x, y).

Hence

f(x+ 1) =
Γ(x+ y + 1)

Γ(y)
B(x+ 1, y)

=
(x+ y)Γ(x+ y)

Γ(y)
· x

x+ y
B(x, y) = x · Γ(x+ y)

Γ(y)
B(x, y) = xf(x).

It remains to show that log f is convex. The proof follows the same lines as that of theorem
2.6. Let 1 < p <∞ and 1

p + 1
q = 1. Consider

f

(

u

p
+
v

q

)

=
Γ
(

u
p + v

q + y
)

Γ(y)
B
(

u
p + v

q , y
)

.

Now

Γ
(

u
p + v

q + y
)

=

∫

∞

0

t(u/p + v/q +y−1) e−t dt

=

∫

∞

0

(

tu+y−1e−t
)1/p (

tv+y−1e−t
)1/q

dt as 1
p + 1

q = 1

≤
(
∫

∞

0

tu+y−1e−t dt

)1/p (∫ ∞

0

tv+y−1e−t dt

)1/q

by lemma 2.7

= Γ(u+ y)1/p Γ(v + y)1/q

and

B
(

u
p + v

q , y
)

=

∫ 1

0

t(u/p + v/q − 1)(1 − t)y−1 dt

=

∫ 1

0

(

tu(1 − t)y−1
)1/p (

tv(1 − t)y−1
)1/q

as 1
p + 1

q = 1

≤
(
∫ 1

0

tu(1 − t)y−1 dt

)1/p (∫ 1

0

tv(1 − t)y−1 dt

)1/q

by lemma 2.7

= B(u, y)1/pB(v, y)1/q .
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So

f

(

u

p
+
v

q

)

≤ 1

Γ(y)
[Γ(u+ y)B(u, y)]1/p [Γ(v + y)B(v, y)]1/q

=

[

Γ(u + y)

Γ(y)
B(u, y)

]1/p [
Γ(v + y)

Γ(y)
B(v, y)

]1/q

= [f(u)]1/p[f(v)]1/q.

Let λ = 1
p , and hence 1 − λ = 1

q . Then λ ∈ (0, 1), and

f(λu+ (1 − λ)v) ≤ f(u)λf(v)1−λ

=⇒ log f(λu+ (1 − λ)v) ≤ log
[

f(u)λf(v)1−λ
]

= λ log f(u) + (1 − λ) log f(v).

for any u, v ∈ (0,∞). Hence log f is convex, and the proof is complete.

By substituting x = y = 1
2 into (3.1), we obtain the following wonderful corollary:

Corollary 3.4. Γ
(

1
2

)

=
√
π.

Proof. By substituting t = sin2 θ, (3.1) turns into

Γ(x)Γ(y)

Γ(x + y)
= 2

∫ π/2

0

(sin θ)2x−1(cos θ)2y−1 dθ.

The special case x = y = 1
2 gives

[

Γ
(

1
2

)]2
= 2

∫ π/2

0

dθ = π.

Since Γ is positive for all x ∈ (0,∞), we have Γ
(

1
2

)

=
√
π as required.

Furthermore, using this, we can recover the value of an integral fundamental to all of proba-
bility theory:

Proposition 3.5.

∫

∞

−∞

e−x2

dx =
√
π.

Proof. We have Γ
(

1
2

)

=
√
π. By definition,

Γ
(

1
2

)

=

∫

∞

0

t−1/2e−t dt.

Substituting t = x2, dt = 2xdx gives

Γ
(

1
2

)

=

∫

∞

0

x−1e−x2

2xdx =
√
π.

Hence
∫

∞

0

e−x2

dx =

√
π

2
.

As e−x2

is symmetric about x = 0, we have

∫

∞

−∞

e−x2

dx = 2

∫

∞

0

e−x2

dx =
√
π.
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4 Euler’s Reflection Formula

We have seen that the Gamma and Beta functions are closely related. However, by manipulating
the form of B(x, y), in certain cases we can evaluate B(x, y) explicitly. Corollary 3.4 is, in fact,
merely a special case of Euler’s reflection formula:

Theorem 4.1 (Euler’s reflection formula). For 0 < x < 1, Γ(x)Γ(1 − x) =
π

sin(πx)
.

(We require 0 < x < 1 so that y > 0.)
There are many different proofs of this statement, none of them particularly simple, and many

of which resort to complex integration. The following (long) real-analytic proof is originally due
to Richard Dedekind (1831–1916), in one of his earliest papers ([8], in German) of 1853. His
proof is presented in exercise 16 of Andrews et al. [3, ch. 1], and it is that which we follow here.

Proof. Firstly, set φ(x) = Γ(x)Γ(1 − x). Noting that Γ(1) = 1, we substitute y = 1 − x in
equation (3.1) to give

φ(x) =

∫ 1

0

ux−1(1 − u)−x du.

Substitute u = t
t+1 , or in other words t = u

1−u , to obtain

φ(x) =

∫

∞

0

tx−1

1 + t
dt.

Our strategy is to show that φ satisfies a differential equation, and then to solve this equation
to find the required expression for φ(x), that is φ(x) = π

sin(πx) .

The method by which we obtain the differential equation for φ is somewhat roundabout,
and involves the manipulation of many integrals. We will not worry about issues of convergence
here; all the improper integrals that we consider here do converge, and in such a way that we
can change the order of integration:

∫

∞

0

∫

∞

0

f(x, y) dxdy =

∫

∞

0

∫

∞

0

f(x, y) dy dx.

Consider the integral

∫

∞

0

tx−1

st+ 1
dt. Using the substitution u = st we find that

∫

∞

0

tx−1

st+ 1
dt =

∫

∞

0

1

u+ 1

(u

s

)x−1 du

s
=

1

sx

∫

∞

0

ux−1

u+ 1
du = s−xφ(x).

Next, consider the integral

∫

∞

0

tx−1

t+ s
dt. Using the substitution u = t

s we obtain

∫

∞

0

tx−1

t+ s
dt =

∫

∞

0

(su)x−1

s(u+ 1)
s du = sx−1

∫

∞

0

ux−1

u+ 1
du = sx−1φ(x).

Subtracting the first integral from the second gives

φ(x)(sx−1 − s−x) =

∫

∞

0

(

tx−1

t+ s
− tx−1

st+ 1

)

dt

=

∫

∞

0

tx−1(t− 1)(s− 1)

(st+ 1)(t+ s)
dt

=⇒ φ(x)
sx−1 − s−x

s− 1
=

∫

∞

0

tx−1(t− 1)

(st+ 1)(t+ s)
dt. (4.1)
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Now, consider

[φ(x)]2 =

(
∫

∞

0

tx−1

1 + t
dt

)(
∫

∞

0

sx−1

1 + s
ds

)

=

∫

∞

0

∫

∞

0

tx−1sx−1

(1 + t)(1 + s)
dt ds

=

∫

∞

0

1

1 + s
sx−1

∫

∞

0

tx−1

1 + t
dt ds

=

∫

∞

0

1

1 + s

∫

∞

0

tx−1

t+ s
dt ds as

∫

∞

0

tx−1

t+ s
dt = sx−1φ(x)

=

∫

∞

0

∫

∞

0

tx−1

(1 + s)(t+ s)
ds dt changing the order of integration

=

∫

∞

0

tx−1

t− 1

∫

∞

0

(

1

1 + s
− 1

t+ s

)

ds dt using partial fractions

=

∫

∞

0

tx−1

t− 1

[

log

(

1 + s

t+ s

)]

∞

s=0

dt

=

∫

∞

0

tx−1

t− 1

(

lim
s→∞

(

log
1 + 1/s

1 + t/s

)

− log
1

t

)

dt

=

∫

∞

0

tx−1 log t

t− 1
dt.

Integrating this with respect to x over [1 − y, y] gives

∫ y

1−y

[φ(x)]2 dx =

∫ y

1−y

∫

∞

0

tx−1 log t

t− 1
dt dx

=

∫

∞

0

1

t− 1

∫ y

1−y

(tx−1 log t) dxdt changing the order of integration

=

∫

∞

0

1

t− 1

[

tx−1
]y

x=1−y
dt

=

∫

∞

0

ty−1 − t−y

t− 1
dt.

Changing t to s, x to t and y to x, this becomes

∫ x

1−x

[φ(t)]2 dt =

∫

∞

0

sx−1 − s−x

s− 1
ds. (4.2)

Note that the integrand in the right-hand side of (4.2) resembles (4.1). So, take (4.1) and
integrate both sides with respect to s over [0,∞):

φ(x)

∫

∞

0

sx−1 − s−x

s− 1
ds =

∫

∞

0

∫

∞

0

tx−1(t− 1)

(st+ 1)(t+ s)
dt ds

=⇒ φ(x)

∫ x

1−x

[φ(t)]2 dt =

∫

∞

0

tx−1(t− 1)

∫

∞

0

1

(st+ 1)(t+ s)
ds dt

14



where we have used (4.2) and changed the order of integration. Now using partial fractions, we
obtain

φ(x)

∫ x

1−x

[φ(t)]2 dt =

∫

∞

0

tx−1(t− 1)

t2 − 1

∫

∞

0

(

t

st+ 1
− 1

t+ s

)

ds dt

=

∫

∞

0

tx−1

t+ 1

[

log

(

st+ 1

t+ s

)]

∞

s=0

dt

=

∫

∞

0

tx−1

t+ 1

(

lim
s→∞

(

log
t+ 1/s

1 + t/s

)

− log
1

t

)

dt

=

∫

∞

0

tx−1

t+ 1

(

log t− log
1

t

)

dt

= 2

∫

∞

0

tx−1 log t

t+ 1
dt. (4.3)

Recall a standard result on differentiation under the integral sign, which says that for
f : [a, b] × [h, k] → R, if ∂

∂xf(t, x) is continuous, then

d

dx

∫ b

a

f(t, x) dt =

∫ b

a

∂

∂x
f(t, x) dt.

The result also holds for improper integrals. (For a proof of this result, see Rudin [9, thm. 9.42].)

So, differentiating φ(x) =

∫

∞

0

tx−1

1 + t
dt, we obtain

φ′(x) =
d

dx

∫

∞

0

tx−1

1 + t
dt =

∫

∞

0

∂

∂x

(

tx−1

1 + t

)

dt =

∫

∞

0

tx−1 log t

1 + t
dt.

Combining this with (4.3) yields

φ(x)

∫ x

1−x

[φ(t)]2 dt = 2φ′(x). (4.4)

Now, since φ(x) = Γ(x)Γ(1 − x), we have φ(x) = φ(1 − x) for all x. Hence φ′(x) = −φ′(1 − x),
so φ′

(

1
2

)

= −φ′
(

1
2

)

and hence φ′
(

1
2

)

= 0. Furthermore,

∫ x

1−x

[φ(t)]2 dt =

∫ 1/2

1−x

[φ(t)]2 dt+

∫ x

1/2

[φ(t)]2 dt.

Letting u = 1 − t in the first integral on the right-hand side, we obtain

∫ x

1−x

[φ(t)]2 dt =

∫ x

1/2

[φ(1 − u)]2 du+

∫ x

1/2

[φ(t)]2 dt = 2

∫ x

1/2

[φ(t)]2 dt

since φ(1 − u) = φ(u). Combining this with (4.4) yields

φ′(x) = φ(x)

∫ x

1/2

[φ(t)]2 dt.

Differentiating both sides of this identity yields

φ′′(x) = φ(x)
d

dx

(

∫ x

1/2

[φ(t)]2 dt

)

+ φ′(x)

∫ x

1/2

[φ(t)]2 dt
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Now
d

dx

(

∫ x

1/2

[φ(t)]2 dt

)

= [φ(x)]2, and

∫ x

1/2

[φ(t)]2 dt =
φ′(x)

φ(x)
, so

φ(x)φ′′(x) = [φ(x)]4 + [φ′(x)]2. (4.5)

This is our differential equation. However, this is only half the problem; we must now

solve this differential equation, with the conditions that φ
(

1
2

)

=
[

Γ
(

1
2

)]2
= π and φ′

(

1
2

)

= 0.
Rearranging (4.5) we obtain

φ2 =
1

φ
φ′′ − 1

φ2
(φ′)

2
.

Thinking of φ′ =
dφ

dx
as a separate variable, we obtain φ′′ =

d2φ

dx2
=

dφ′

dx
=

dφ′

dφ
· dφ

dx
= φ′

dφ′

dφ
and

hence

φ2 =
φ′

φ

dφ′

dφ
− (φ′)2

φ2
.

Now, consider that

d
(

(φ′)2
)

d (φ2)
=

d
(

(φ′)2
)

dφ′
dφ′

dφ

dφ

d (φ2)
= 2φ′

dφ′

dφ

1
d(φ2)
dφ

=
φ′

φ

dφ′

dφ
.

Hence
d
(

(φ′)2
)

d (φ2)
= φ2 +

(φ′)2

φ2
.

Multiplying through by φ2 and rearranging yields

φ4 = φ2 d
(

(φ′)2
)

d (φ2)
− (φ′)2.

Dividing through by φ4, we see that the right-hand side is the derivative of a quotient:

1 =
φ2 d((φ′)2)

d(φ2) − (φ′)2

φ4
=

d

d (φ2)

(

(φ′)2

φ2

)

.

Integrating the first and last expressions with respect to φ2 yields φ2 + k = (φ′)2

φ2 . Substituing

φ
(

1
2

)

= π and φ′
(

1
2

)

= 0 yields k = −π2 and hence

φ2 − π2 =
(φ′)2

φ2
.

Rearranging this yields
φ′

φ2
√

1 − π2

φ2

= ±1.

Let ψ =
π

φ
, then

dψ

dx
=

d

dx

(

π

φ

)

= −πφ
′

φ2
, and we obtain

1

π
√

1 − ψ2
· dψ

dx
= ±1.
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Integrating with respect to x gives

1

π

∫

dψ
√

1 − ψ2
= ±(x+ c)

=⇒ 1

π
arccosψ = ±(x+ c)

=⇒ ψ =
π

φ
= cos(±π(x+ c)) = cosπ(x+ c)

=⇒ φ(x) =
π

cosπ(x+ c)

where c is an arbitary constant of integration. Now

φ
(

1
2

)

= π =
π

cos(cπ + π/2)

and hence cos(cπ + π/2) = − sin(cπ) = 1 and so cos(cπ) = 0. Hence

cosπ(x+ c) = cos(πx) cos(cπ) − sin(πx) sin(cπ) = sin(πx).

Hence, finally,

φ(x) = Γ(x)Γ(1 − x) =
π

sin(πx)
.

5 Weierstrass’ Product

We have now have two answers to the question why do we use the Gamma function: it is the only
extension of the factorials which is log-convex, and it is most useful in calculuating a variety
of integrals. Finally, we now consider another form for the Gamma function with even more
applications.

Theorem 5.1 (Weierstrass’ form of Γ(x)). For all x ∈ (0,∞),

Γ(x) =
1

xeγx

∞
∏

k=1

ex/k

1 + x
k

(5.1)

where γ = lim
n→∞

(

n
∑

k=1

1

k
− logn

)

is Euler’s constant.

Proof. We take the right-hand side of the expression in (5.1) and show that it equals the right-
hand side of (2.3) in corollary 2.9:

1

xeγx

∞
∏

n=1

ex/n

1 + x
n

= lim
n→∞

1

x
exp

(

−x
[

1 + 1
2 + · · · + 1

n − log n
])

n
∏

k=1

exp x
k

(

x+k
k

)

= lim
n→∞

1

x

n
∏

k=1

exp−x
k
· exp(x log n) ·

n
∏

k=1

exp
x

k
·

n
∏

k=1

k

x+ k

= lim
n→∞

n!nx

x(x+ 1) . . . (x+ n)
.

This is one of three equivalent definitions given a priori in Burkill and Burkill [5], along with
Euler’s integral (1.2) and Gauss’ product (2.3). In fact,

Γ(1 + x) = xΓ(x) =
1

eγx

∞
∏

k=1

ex/k

1 + x
k

is the form in which it is stated there. Using this form, we can derive an expression for sinπx
as an infinite product:
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Proposition 5.2. For 0 < x < 1, sinπx = πx

∞
∏

n=1

(

1 − x2

n2

)

.

Proof. By proposition 4.1,

Γ(x)Γ(1 − x) =
π

sinπx

for 0 < x < 1. Multiplying both sides by x, we get

Γ(1 + x)Γ(1 − x) = xΓ(x)Γ(1 − x) =
πx

sinπx
.

By theorem 5.1, we have

Γ(1 + x) =
1

eγx

∞
∏

k=1

ex/k

1 + x
k

and Γ(1 − x) =
1

e−γx

∞
∏

k=1

e−x/k

1 − x
k

.

Multiplying these gives

Γ(1 + x)Γ(1 − x) =
1

eγx

1

e−γx

∞
∏

k=1

ex/k

1 + x
k

·
∞
∏

k=1

e−x/k

1 − x
k

=
∞
∏

k=1

ex/k

1 + x
k

· e
−x/k

1 − x
k

=
1

∏

∞

k=1

(

1 − x2

k2

) .

Hence
πx

sinπx
=

1
∏

∞

k=1

(

1 − x2

k2

)

and rearranging gives

sinπx = πx

∞
∏

n=1

(

1 − x2

n2

)

.

This is fascinating: we started out with all kinds of integrals, and we have ended up with
a seemingly unrelated product for sinπx. This is but one such result: from this we can go on
to derive similar expressions for the other trigonometric functions, which prove useful in many
applications to elliptic functions and other special functions used in mathematical physics and
differential equations.

So far we have been constrained to considering Γ(x) only for 0 < x < ∞. As is often useful
in the study of special functions, we consider what happens if we try and extend the Gamma
function to values other than 0 < x <∞. This is done by a process called analytic continuation.

Analytic continuation is actually a quite familiar process: in essence, we have already done
this in extending the factorial function to the Gamma function. Another example would be
to take the power series

∑

∞

n=0 x
n = 1

1−x . The sum on the left-hand side converges only for
−1 < x < 1, but the right-hand side is well-defined for all x 6= 1. Hence by using this formula,
we have extended the function

∑

∞

n=0 x
n from domain (−1, 1) to domain R \ {1}.

Our original definition of the Gamma function in (1.2) relies on an integral which is only
defined for 0 < x <∞. However, we have proved in (2.3) and (5.1) that

Γ(z) =

∫

∞

0

tz−1e−t dt = lim
n→∞

n!nz

z(z + 1) . . . (z + n)
=

1

zeγz

∞
∏

k=1

ez/k

1 + z
k

for all 0 < z < ∞. The second expression for Γ(z), Gauss’ product, is tantalising, but defining
nz for z outside 0 < z <∞ is tricky; we will not take this path. However, Weierstrass’ product
relies only on elementary operations and the exponential function ez, which is well-defined for
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any complex number z. The denominator is zero at z = 0,−1,−2, . . . , due to the presence of z
and (1 + z

k ), but at all other complex numbers z, Weierstrass’ product is well-defined.
However, the Gamma function on the complex plane is best stuided by looking at its recip-

rocal:
1

Γ(z)
= zeγz

∞
∏

k=1

1 + z
k

ez/k
.

Now the only factors on the bottom line are exponentials. Now, since exp(z) exp(w) = exp(z+w)
for all complex numbers z and w, we have in particular that exp(z) exp(−z) = exp(0) = 1. Hence
exp(z) 6= 0 for any complex number z. This means that 1

Γ(z) is well-defined for any complex

number z.
Moreover, the true beauty of 1

Γ : C → C is that not only is it defined on all of C, it is in fact
holomorphic on all of C, i.e. it is an entire function!

Theorem 5.3. f : C → C given by

f(z) :=
1

Γ(z)
= zeγz

∞
∏

k=1

1 + z
k

ez/k

is holomorphic on all of C.

Since 1
Γ(z) = 0 for z = 0,−1,−2, . . . , this implies that Γ(z) is meromorphic, i.e. holomorphic

except at countably many poles. Recall that a holomorphic function on a connected region
Ω ⊂ C is necessarily analytic – i.e. it equals its Taylor series around any point – and is hence
infinitely differentiable. This means that Γ(z) possesses derivatives of all orders at every point
in C \ {0,−1,−2, . . .}.

We can also extend theorem 4.1 to any x ∈ C \ Z; a proof of this may be found in Andrews
et al. [3, thm. 1.2.1]. From this we find that proposition 5.2 holds for any x ∈ C; furthermore,
using the derivatives of Γ, we can obtain even more relations in this spirit.

The proof of this beautiful result is unfortunately beyond the scope of this essay. Essentially,
it is sufficient to show that the product converges, i.e. that the sequence

fn(x) = zeγz
n
∏

k=1

1 + z
k

ez/k

converges, and that this convergence is uniform on any compact subset of C; see Rudin [10,
thm. 15.6]. Then, since each fn is the product of finitely many holomorphic functions, each fn

is holomorphic; it is then a standard result that if fn → f uniformly on any compact subset of
C and each fn is holomorphic, then f is holomorphic; see Rudin [10, thm. 10.28]. Alternatively,
but somewhat more opaquely, one may appeal to the factor theorem of Weierstrass; see Burkill
and Burkill [5, thm. 14.51] or Ablowitz and Fokas [1, thm. 3.6.4].

We have thus discovered at least three reasons for considering the Gamma function as the

extension of the factorials: it is log-convex on (0,∞), it is meromorphic on C \ {0,−1,−2, . . .},
and it gives rise to a huge theory of special functions, as alluded to by proposition 5.2. However,
this is but a taste of the power of the Gamma function. The article by Davis [7] provides much
more of the history of the Gamma function and motivation for its use, while Artin introduces
many aspects of the Gamma function not found here in his lucid monograph [4].

Even more about the Gamma and Beta functions, including the links between the Gamma
function and the Riemann zeta function, leading on to a full development of the theory of
hypergeometric functions, can be found in the excellent Special Functions by Andrews et al. [3].
The preface to that book sums up the Gamma function perfectly: “[Euler himself] could not
have foreseen the extent of its importance in mathematics”.
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