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1 Motivation

When considering a polynomial, f, in one variable over the complex numbers,
the number of roots of the polynomial is clearly deg(f) < oo by the Fundamental
Theorem of Algebra. Infact, the Fundamental Theorem of Algebra goes even
further, linking algebra and geometry by saying that a monic polynomial over
the complex numbers, an algebraic object, is completely determined by its roots,
a geometric property. However, once we start to consider polynomials in two
variables there are, in general, an uncountable number of roots, however, a
strong link between algebra and geometry still remains. We may consider the
set of roots of a polynomial f in two variables as a collection of points in the C2
plane!. This set is, infact, the 0-level set of f and is called an algebraic curve.

In some cases, it may be possible to write an algebraic curve as the union
of two ‘smaller’ algebraic curves in the same way that in some cases (non-prime
cases infact) we may write an integer as the product of two ‘smaller’ factors.
In this case, the properties of the algebraic curve can be determined by the
properties of the ‘smaller’ algebraic curves that it is composed of.

We will see that the properties of one of these algebraic curves are deter-
mined by the properties of the polynomial from which it came. However, this
polynomial is not unique and many other polynomials will have the same set of
roots and so produce the same curve in the C2? plane. Therefore, polynomials
that produce the same algebraic curve will share many key properties, most
importantly, that they have the same minimal polynomial, denoted f.

To gain a better understanding of an algebraic curve, we will focus on one of
its most important properties; its intersection with other algebraic curves. We
will see that two algebraic curve always intersect, if not in the C? plane then
certainly when we project them into CPP? projective space, which we introduce
to allow us to formalise the concept of a curve going ‘to infinity’. Projective
space will also provide the setting for Weak and Strong Bézout’s Theorem, which
determines the maximum number of intersections of two algebraic curves and,
most importantly, the number of intersections when multiplicities are counted.

1When considered as a topological object, we see that this set of points is, infact, connected
and so we may speak of it as a curve in the C? plane [2, p18].



2 Notation

Throughout, we will use the following notation:

N - For the set of natural numbers, excluding zero

Np - For the set of natural numbers, including zero

Z - For the group of integers

R - For the field of real numbers

C - For the field of complex numbers

F - For a general field

A* - For the set of unital elements of the group A

A C B - For the set A is contained in or equal to the set B

A C B - For the set A is contained in but not equal to the set B
S¢ - For the complex unit ball of dimension n

H{ - For the complex unit ball of dimension 7 in which antipodial points
are equivalent?

3 Definitions

3.1 Polynomials in Several Variables

Let F be a field. We denote the set of all polynomials in one variable (1) over
the field F by Flz1] and, similarly, the set of all polynomials in two variables
(z1 and x3) over the field F by F[zq, zo].

A polynomial in one variable f € F[z;] may be written as f(z1) = Y., cuzi
where «; € F and «a,, # 0. Similarly, we may write a polynomial in two variables
f € Flz1,x2] as either;

flrr,xe) = 3700 200, i) where ay; € F
f(z1,22) = Y1ty aial where a; € Flzs] and a,, # OF[z,)
f(xl,xz) = Z;L:O bJLE% where bj € F[zﬂ and b, 7& OIF[am]

These alternative notations will become useful later and can easily be ex-
tended to polynomials of 3 or more variables too.

2We will only be considering HE for n = 2, although the more general notation is given.



3.1.1 Remark

Note that [F[x1, z2] is a field with identity element of multiplication g, g,1(71,22) =
1p. Therefore, the unital elements of F[x1, 22] are the constant, unital functions.

F[l‘l,xQ}* = {f S F[l’l,zg]i f($1,$2) =€ IF*}

3.2 Degrees of Polynomials

We already know of the degree function for single variables polynomials.

deg: ]F[$1] — NO
However, in order to better understand the degree function for polynomials

of two variables, we use the following, alternative, definition. If f € F[x;] then
we define the degree of f by:

deg(f(x1)) = deg(d>_ aal) = Jnax {i: a; 7 Or}
=0 -

Where «; € F and «,, # Op

However, as by definition «,, # O, we observe that deg(f) = n.

We can now easily extend this definition to polynomials in two variables by
allowing deg: F[z1,22] — Ny and defining the define the degree of f, where
f € Flzq, 23], by

_ PN B . ; Sy
deg(f o1 2)) = den(3_ D aatad) = e (i 72 o 0n)
1=0 j=

Where a;; € F

However, note that, as it is not required that a,,, # Op, the degree of f may
be less than m + n.

If f € Flxy,22] then we will also define deg, ,deg,, : F[zi,z2] — Ny as the
degree of f in x; and x5 respectively by:

deg,, (f(x1,22)) = degzl(z a;x}) = Ogifn{i? a; 7 Op[z,)}
=0 St

deg,,, (f(z1,22)) = deg,, (ZO bjw3) = max {j: b; # sz}
pm

Where a; € Flzz], b; € Flz1] and a,, # Opjs,) and b, # Op(,))

However, as by definition a,, # Og[,,] and b, # Og[,,], we observe that
deg,, (f(z1,22)) = m and deg,, (f(z1,72)) = n.

Again, these definitions can easily be extended to polynomials of 3 or more
variables too.



3.3 Variety

We now introduce the variety function, v: F[z1, 22] — F?, which will be essential
in the construction of algebraic curves [2, p13].

If f € Flzy,x2] and deg(f) > 1 then the variety of f is the 0-level set of f
[3, p8], i.e. the points in the plane that solve f. This is defined as

v(f) = {(z1,22) € F*: f(x1,22) = 0} CF?
Note that v(f) = F? if and only if f = OF [z, ]

3.4 Algebraic Curves

With these tools we are now ready to begin to consider algebraic curves in the
F? plane.

Let C C F?. Then C is said to be an algebraic curve if and only if 3f €
Flxy, z2] with deg(f) > 1 such that C = v(f). We say that f is an equation for
C, although we will see later that it is not unique [2, p14].

However, the definition that we have given causes problems. For example,
if our field is R and we consider the polynomials f(z1,22) = 2% + 23 and
g(x1,m0) = 22 + 23 + 1 then v(f) = {(0,0)} and v(g9) = (). From this we
conclude that {(0,0)} and () are algebraic curves, which is a strange concept as
we are refering to things as curves, despite the fact that they contain just one
and no points respectively [2, p13].

We overcome this by requiring that every polynomial in one variable of
degree at least 1, with coefficients in F, has a root in F. ie. Vf € F[z1] such
that deg(f) > 1, 3= € F such that f(z) = Op, in which case our field F is said
to be algebraically closed [3, p5].

Hence from this point on, we will only consider functions over the field C
which, by the Fundamental Theorem of Algebra, is algebraically closed.

Note that we may actually make a stronger statement than what we have
been stating so far and say that v(f) = C C C? as, v(f) = C = C? implies
f = 0¢lz,,2,) and in this case deg(f) # 1 and hence C is not an algebraic curve.

4 Properties of Variety

In order to explore some of the properties of algebraic curves, we begin by
examining some of the fundamental properties of the variety function.

4.1 Theorem - Cardinality of C' = v(f)

An algebraic curve C = v(f) contains uncountably many points [2, pp15-17] [6,
p7].

Proof

Let C = v(f) be an algebraic curve. We consider the two cases; firstly when
f is independent of x5 and then the case when f is dependent on both z; and
9.



Begin by considering the case in which f is independent of one variable,
without loss of generality, assume it is x3. Then f(x1,22) = ag + a1z + -+ +
anxy € Clz1] where a; € C. As C is algebraically closed, 3z € C such that
f(z,z2) = 0. But then Vy € C, f(z,y) =0 and so (z,y) € v(f). Therefore v(f)
contains an uncountable number of points as C is uncountable.

Secondly, consider the case when f is dependent on both x; and zs, i.e.
f(x1,22) = ao(x2) + ar(z2)z1 + -+ + an(x2)zl € Clx1, z2] where a; € Clag)
and a,, # Oc[z,]- As [ is dependent on both x; and z2, n > 1. Let A = {3 €
C: ap(xz2) = 0}, clearly |A| < deg(an,) < oo. Therefore, for all but at most
deg(ay,) values, a,(z2) # 0 and so C\A is uncountable.

Then Vy € C\4, a,(y) # 0 and so f(x1,y) = ag+aqx1+- -+ anz} € Claq]
where a; = a;(y) € C. However, again as C is algebraically closed, 3z, € C such
that f(zy,y) = 0 and so (xy,y) € v(f). Therefore v(f) contains an uncountable
number of points as C\ A is uncountable.

O

4.1.1 Remark

From this we may note that if C = v(f) is an algebraic curve then C # ().

4.2 Scalars of Polynomials

Let f € Clxy, z2] then VA € C*, v(Af) = v(f) [2, p14].

Proof

Let (z,y) € v(f) then f(z,y) = 0. Then (\f)(x,y) = Af(z,y) = 0 and so
(z,y) € v(A\f). Similarly, if (x,y) € v(Af) then (A\f)(z,y) = Af(z,y) = 0 and
so, as A is unital and C is an integral domain, f(z,y) = 0, hence (z,y) € v(f).
Therefore v(f) = v(Af).

O

4.3 Product of Polynomials

Let f,g € Clxy, z2] then v(fg) = v(f) Uv(g).

Proof

Firstly, let (z,y) € v(fg). Then (fg)(z,y) = f(z,y)g9(z,y) = 0. As C
is an integral domain, either f(z,y) = 0 or g(x,y) = 0 and so in either case
(z,y) € v(f) Uv(g). Therefore v(fg) C v(f) Uv(g).

Similarly, let (z,y) € v(f) Uwv(g), then f(x,y) =0 or g(x,y) = 0. Without
loss of generality, assume f(z,y) = 0. Then (fg)(z,y) = f(z,y)g(z,y) = 0.

Hence (x,y) € v(fg) and so v(f)Uv(g) C v(fg).
Therefore v(fg) = v(f) Uv(g)



4.4 Powers of Polynomials

Let f € Clzy,x2] then Yk € N, v(fF) = v(f) [2, p14].
Proof
It is an immediate concequence of 4.3 that v(f*) = Ule v(f) =v(f)

5 Components

If C = v(f) is an algebraic curve then we have seen that in certain circumstances,
for example if f can be written as the product of two other polynomials, C' can
be written as the union of 2 algebraic curves C;,Cy C C2. In this case, we may
consider the properites of C; and Cs separately.

5.1 Reducibility

An algebraic curve C' = v(f) is said to be reducible if and only if 3 algebraic
curves 01,02 (01 7é C 7é CQ) such that C = Cl U 02 [3, p15]

An algebraic curve C' is said to be irreducible if it is not reducible, i.e.
C = Cy Uy, where C; and Cy are algebraic curves, implies C; = C = Cy [2,
p17].

5.1.1 Remark

C = v(f) is a reducible algebraic curve if and only if 3 an algebraic curve C’
such that C' C C.

5.2 Components

Let C = v(f) be an algebraic curve. Let f1, fo, ..., fn € Clz1, 23], A1, A2, ..., Ay €
N and « € C be such that f = ozfl)‘1 2>‘2 e

Then, by 4.2, 4.3 and 4.4, C = C; UCy U ...UC,, where C; = v(f;). In
which case C1,Cs, ..., C, are said to be components of C.

5.2.1 Remark

Note that C; = v(f;) is a component of C = v(f) if and only if C; C C and
C = v(f) is an irreducible algebraic curve if and only if the only component of
CisC.

5.3 Irreducible Components

The components of C' which are themselves irreducible are called the irreducible
components of C.



If C = v(f) where f € C[z1,x2], as C[z1,x2] is a unique factorisation do-
main, 3! f1, fa, ..., fn € Clz1,22], A1, A2,..., Ay € Nand a € C such that f =
afffaz . fin where fi, fa, ..., fr are irreducible in Clzy, z2] and n < deg(f).

Hence, by 4.2, 4.3 and 4.4, C = C; UCy U ... UC,, where C; = v(f;) [2,
ppl7-18]. C1,Cy,. .., C, are called the irreducible components of C. We donte
the set of irreducible components of C by Irr(C) = {C1,Cs,...,Ch} [3, p19].

Note that for an algebraic curve C = v(f) there are at most deg(f) irre-
ducible components of C and so |[Irr(C)| < deg(f).

5.3.1 Remark

Every component of an algebraic curve is the finite union of irreducible compo-
nents of C, i.e. if C' is a component of C' then 3C,,Cy,,...,Ck, € Irr(C)
such that C' = (i~ C.,.

Therefore an algebraic curve C = v(f) has at most 29°8(/) — 1 distinct
components.

Note that, as C' = Ug,erpr(cy) Ci» € € D if and only if Irr(C) C Irr(D)
and C = D if and only if Irr(C) = Irr(D).

5.4 Common Components

Let C = v(f) and D = v(g) be algebraic curves. Then C and D are said to have
a common component if and only if 3 an algebraic curve E = v(h) such that E
is a component of both C' and of D. Note, by 5.2.1, C' and D have a common
component if and only if 3 an algebraic curve E = v(h) such that £ C C' N D.

Similarly C' and D are said to be relatively prime if they have no common
component, i.e. if and only if 3 an algebraic curve E = v(h) such that E is a
component of both C' and of D.

5.4.1 Remark

C and D have a common component if and only if they have a common ir-
reducible component, therefore we need only talk about C' and D having a
common component.

Therefore C' and D have a common component if and only if Irr(C) N
Irr(D) # 0 and are relatively prime if and only if Irr(C) N Irr(D) = (.

5.4.2 Remark

If C = v(f) and D = v(g) are algebraic curves where f = o], ff‘i, g =
ﬂH;’:l ggj and f; and g; are irreducible in Clzy,2]. Then C' and D have a
common component if and only if ged(f,g) # 1. Which occurs if and only if

34, j such that f; = Ag; for some A € C*.



6 Minimal Polynomials

We have already seen from 4.2, 4.3 and 4.4 that, for any algebraic curve C', many
equations of C' exist. We will now consider the simplist of these polynomials,
which will form a set, known as the set of minimal polynomials of C'.

Let C = v(f) be an algebraic curve where f € Clzy,z2] and deg(f) > 1.
Then f € Clx1, 2] is a minimal polynomial of f if and only if 1/(]?) = C and
Vg € Clay, 25) such that 0 < deg(g) < deg(f), v(g) # C.

Notice that, if C = v(f) is an algebraic curve and fi.fo € Clx1, z2] are

minimal polynomials of f then deg(f1) = deg(ng) < deg(f).

6.1 Lemma - The Degree of a Minimal Polynomial

o~

IfC = v(f) is an algebraic curve and fa minimal polynomial of f then deg(f) >
1r7(C)|

Proof R

Let C = v(f) be an algebraic curve and f a minimal polynomial of f.

Suppose deg(f) < |Irr(C)|. Then by 5.3 |Irr(v(f))| < deg(f) < |Irr(C)|
and so Irr(y(]?)) # Irr(C). Therefore by 5.3.1 V(f) £ C. Hence [ is not a
minimal polynomial of C.

~

Therefore deg(f) > |Irr(C)|.

6.2 The Minimal Polynomials
If C = v(f) is an algebraic curve, where f = a[i~; Yo € C* and f;
are irreducible in Clxy,xs], then f is a minimal polynomial of f if and only if

f= BIIL, fi where 8 € C* [2, pp18-19].
Proof R
If f=all", £, a € C* and f; are irreducible in C[z,z] then let f =
BII~, fi- First note that

O =u(y)

v(aITL, fY)
V([T 1) by 4.2
= U, (M) by 4.3
Uiz, v(fi) by 4.4
v(ITiZ, fi) by 4.3
v(BITi~, fi) by 4.2



=v(f)
Let g € Clx1,z2] such that 0 < deg(g) < deg(f). Suppose Vi, fi|g. Then
deg(g) > deg([i~, fi) = deg(f) which is a contradiction, hence 3i such that

~

fi Ag. Then v(f;) € Irr(v(f)) but v(f;) ¢ I/?\"T(I/(g)). Therefore ITT(V(f)) +

~

Irr(v(g)) and so v(g) # v(f) = C. Hence v(f) = v(f) = C and Vg € C[z1, x2]
such that 0 < deg(g) < deg(f), C # v(g). Therefore fis a minimal polynomial
of f.

fSuppose g is also a mininal polynomial of f. As fis a minimal polynomial
of f, deg(§) = deg(f).

Suppose Ji such that f; Ag. Then Vh € Clzy, 23], § # fih and so v(g) #
v(fi) Uv(h). Hence v(f;) € C and so f; ¢ Irr(C), which is a contradiction.
Therefore Vi, fi|g and so g = B[~ fi = Bf where 3 € Clx1,z2]. However,

deg(g) = deg(f) and so deg() = 0. Therefore g = ﬁl_[?ll fi where g € C*.
O

Therefore if C' = v(f) is an algebraic curve, where f = a]/", f‘i, aeCr
and f; are irriducible in Clz1,z2], then min(f) = {B[[/~, fi: 8 € C*} is the
set of all minimal polynomials of f and 1]_[;7;1 fi is said to be the minimal
polynomial of f, from now on denoted by f (2, pp18-19].

Note that, V C = v(f) where deg(f) > 1, ﬂf.

6.3 The Equations of C
A

Let C = v(f) be an algebraic curve, where f = a [/~ fi', « € C* and f; are
irreducible in C[xq, 23], and g € Clzy,x2]. Then v(g) = C =v(f) if and only if
g= BT, fI' where 8 € C* [2, p18].

Proof

Let C' = v(f) be an algebraic curve, where f = o]/, f{\i, a € C and f;
are irreducible in C[z1,z,], and g € C[zy, z). Note that f = I, fi

Suppose that v(g) = C = v(f) and g = ﬁH;;l g;-” where g; are irreducible
in Clz1,z2]. Then {f;} = Irr(C) = {g;}. Therefore m = [{f;}| = {g;}| =n
and so g must be of the form g = S]\~, f/".

Conversly, suppose g = B[[;~, fI" where 8 € C. Then, by 6.2, § =
[[iZ, fi = f and so v(g) = v(g) = v(f) = v(f) = C.

O

Hence, if C' = v(f), where f = o[/~ A o e C* and f; are irreducible in

Clz1, 2], all equations of C are of the form 3], f/" where 8 € C*.
6.4 Degree of an Algebraic Curve

As we have seen, for any algebraic curve C' = v(f), there is not a unique equation
defining C. Therefore, in order to talk about the degree of a curve, we refer to



the degree of the minimal polynomial of f [3, p63].

~

deg(C) = deg(f)

6.5 Division of Polynomials

Let f,g € Clxy, z2] then v(f) Cv(g) & f|g < flg.

Proof R

Suppose v(f) C v(g). By 6.2, f = «[[-, fi where @ € C* and f; are
irreducible in (C[ 1,Z2|. Suppose f /lg, then 3i such that f; /g. Therefore,

v(fi) € Irr(w(F)) but v(f,) & Irr(vlg)g). Hence Irr(v(f)) = Irr(w(f)) ¢

Irr(v(g)) and so v(f) € v(g), which is a contradiction. Therefore f\g

Conversely, suppose flg then, as f | f and division is transative, f |g

Finally, suppose f|g Then 3h € Clxy, x2] such that g = fh Hence, by 4.3,
v(g) = V() Un(h) = v(f) U(h) and so v(f)  v(g).

O

6.6 Irreducibility of C

C =v(f) is irreducible if and only if [ is irreducible in Clx1, z2]

Proof

Let C' = v(f) be an irreducible algebraic curve. Suppose that fis reducible,
then 3f1, fo € Clz1,x2] with 0 < deg(f1),deg(f2) < deg(f) such that f = £, fo.
Then, by 4.3, v(f1) Uv(f2) = z/(f) = C but, as C is irreducible, v(f;) = C =
v(fz). But deg(f1) < deg(f) and so, as f is the minimal polynomial of f,
C # v(f1) which is a contradiction. Hence f is irreducible in Clz1, z2].

Let C' = v(f) be an algebraic curve such that fis irreducible in Clz1,z2].
Suppose C' is reducible, then 3g € Clzy, 2] with deg(g) > 1 such that v(g) C
C = V(f) Then by 6.5, g|f = f = gh where h € (C[:El,xg] But deg(g) > 1
and f is irreducible. Therefore h € C* and so by 4.2 V(f) = v(g), which is a
contradiction. Hence C' is an irreducible algebraic curve.

O

7 Intersection of Algebraic Curves

One of the key properties of an algebraic curve is it’s intersection with other
curves. We observe that there are infact two distinct cases that can occur;
depending on whether the two curves share a common component or not.

10



7.1 Lemma - Cancellation of Terms

Let f,g € Clzy,x2] be relatively prime. Then Ja,b,a’,b’ € Clzy,z2] such that
af +bg=d € Clz1]\{Oc[z,)} and o’ f +V'g =d" € Clza]\{Oc[z,)} [6, pP7-8].
Proof
Let f,g € Clz1,z2] be relatively prime. Then f(z1,z2) = Y v, ai(z1)zh
and g(z1,22) = >0, b;(x1)z} where a;,b; € Clz1]. Note that deg,,(f) =m
and deg,, (g) = n. Without loss of generality we may assume that m < n.
AsCisafield, C[zy, x2] is a Euclidean domain. Then 3qo, q1,...,q,70,71,---,71 €
Clx1, 23] where r; = 22;0 cirk(z1)zh with | < deg,,(9) =n < oo such that:

e pog = qof + ro where po(z1) = H?Lo a;(z1), deg,,(ro) < deg,,(f) and
To 75 0

e p1f = qiro+r where py(z1) = HQOZO cok(z1) deg,, (r1) < deg,,(ro) and
To 75 0

o Fori=2,3,...,1-1,piri—2 = qiri—1+r; where p;(x1) = H;:ol cli—1)k(21),
0 < deg,, (r;) < deg,, (ri—1) and r; # 0

A .
o piri—o = qri—1+r; where py(x1) = [[25) cq—1)k(21) and either deg,, (1) =
Oorr; =0

Reversing this process, we easily obtain that Ja,b € Clx1,zs] such that
r;=af + bg.

We claim that r; # 0. Assume otherwise, then consider r;_;. By the Eu-
clidean algorithm, r,_; = ged(f, g) but deg,, (r;—1) > 0, contradicting the state-
ment that f and g are relativly prime. Hence

af +bg = d € Clza]\{Ocfa, }

By symmetry, we may repeat this process with zs, obtaining that Ja’,b’ €
Clx1, z2] such that
a’f + b/g =d e C[Q:Q]\{O(C[mll}

O

7.2 Theorem - Intersection of Relatively Prime Algebraic
Curves

Let C = v(f) and D = v(g) be relatively prime algebraic curves. Then C N D
is a finite collection of points in C* [6, p8].

Proof

Let C = v(f) and D = v(g) be relatively prime algebraic curves. Then,
by 7.1, Ja,b,a’,b" € Clxy,x2] such that af + bg = d € Clz1]\{Oc[z,]} and
af+bg=d e C[IQ]\{O((;[JCZ]}

Assume (z,y) € v(f) Nv(g), then d(z) = a(z,y)f(z,y) + b(z,y)g(z,y) =
a(z,y)0 + b(z,y)0 = 0 and so x must be a root of d. Similarly y must be

11



a root of d’. However, as deg(d) < oo and deg(d’) < oo, there are at most
deg(d) deg(d’) < oo distinct (x, y) pairs solving these equations. Hence |[CND| =

w(f) nv(g)l = {(z,y) € C*: f(z,y) = 0,9(x,y) = 0} < deg(d) deg(d') < oo.
O

This fact gives us an easy test to see if C' C C? is possibly an algebraic curve
or not. If C' C C? and D is an irreducible algebraic curve such that D ¢ C' then
C'is an algebraic curve only if |[CND| < co. If, for example, C' = v(z2 —sin(zy1))
and we consider D = v(x3) which is an irreducible algebraic curve such that
D ¢ C the we see that Vn € Z, (2mn,0) € C N D. Therefore C and D intersect
at more than a finite number of points and so C' = v(z2 — sin(z1)) cannot be
an algebraic curve [3, p10].

7.3 Theorem - Intersection of Algebraic Curves with a
Common Component

If C =v(f) and D = v(g) are algebraic curves with a common component then
C N D is uncountable.

Proof

Let C = v(f) and D = v(g) be algebraic curves with a common component
E. As F is a component of C' and of D, E C C N D. But E is also an algebraic
curve and so, by 4.1, contains an uncountable number of points. Therefore CND
also contains an uncountable number of points.

O

8 Projective Mappings

Consider the algebraic curves C' = v(z2 — 1) and D = v(xy — 2?), which give a
linear and elliptic equation in the C? plane respectivly. However, the behavior
‘at infinity’ of v(xe — 1) is very different from that of v(zy — 2%). It is difficult,
however, to make the concept of ‘at infinity’ meaningful if we restrict ourselves
to working in just the C? plane [2, p23] [3, p85].

To overcome this, we introduce the notion of complex projective space, which
allows us to make precise the notion of ‘at infinity’ by including extra points
[1, p17]. The behavior of an algebraic curve at these points gives us additional
information about it [6, p17]. As it turns out, v(ze — 1) has a singularity at one

of those extra points while v(xy — %) is ‘smooth’.

8.1 Complex Projective Space

We define complex projective space by

CP? = (C*\{0},~)
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In which ~ is the equivalence relation (a,b,c) ~ (z,y,2) < 3\ € C* such
that = Aa,y = Ab and z = Ac [2, pp23-24].

The equivalence classes of CIP? therefore consists of the straight lines in C3
passing through (0,0,0). We may therefore talk about one of these lines simply
by specifying a non-zero point on it, usually the point unit distance from (0, 0, 0)
on S%. We therefore differentiate between a point in complex projective space
(21,2, 23) and the equivalence class that it belongs to [z1 : 2 : x3).

We may therefore relate a point in the C? plane with a line (equivalence
class) in complex projective space it lies on by the embedding ¢: C* — CP? [1,
pp19-20] defined to be

¢($1,$2) = [1’1 I 5 I 1]

We may think of the mapping ¢ as the preimage of the stereographic projec-
tion from (0,0, 0) of the complex unit ball (S% C C?) onto the C? plane passing
through, and perpendicular to, (0,0,1). However, as antipodal points in CP?
lie in the same equivalence class, we need only consider a subset of it, denoted
H2.

Therefore we may consider ¢: C* — H2 = CP? by

Blar,2) . = e e IR
Ty, x0) = , ) =N ITRE TR
b Vai+ a3 +1 o2 +ai+1 /2l +a2d+1 b

8.2 Projected Algebraic Curves

Let C = v(f) be an algebraic curve in C2. We define the projected algebraic
curve C' C HZ of C to be the image of C under ¢ [2, pp25-26], that is

C = (C) = {¢(,y): (z,y) € C}

Note that, as ¢ is an injective mapping and C' = v(f) contains an uncount-
able number of points, C does too.

Returning to our previous example of C = v(zo — 1) and D = v(z2 — 27) we
see that:

If (z,y) € C then ¢(z,y) = (w’éw Nt m%z) asy =1

/ 2 1
If (.Z'/,y/) € D then ¢(x/7y/) = (\/1’4—7zm/2+17 \/m":;-z’?-&-l’ \/z’4+z/2+l) as
2

y =1

In order to understand these curves better ‘at infinity’, we may trace out
the surface formed in C2, and thus CP2, by letting v € C such that [Jv|| = 1 and
considering limy, 4 ¢(hv, y(hv)).

In C we see that limp, o ¢(hv,1) = (v,0,0) and limp,_, o, ¢(hv,1) = (—v,0,0).
However, for D, limj,_, «, ¢(hv, (hv)?) = (0,92,0) = limj_. o, ¢(hv, (hv)?). Thus,
‘at infinity’ D forms what appears to be a ‘closed curve’ in projective space and,
although (v,0,0) ~ (—v,0,0), as h — oo, the curve traced out on C tends to
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the ‘opposite’ point on Hé than when A — —oo. Thus, ‘at infinity’ the curves
C and D are fundamentally different

Using projective space also allows us to formalise the concept from geometry
that ‘parallel lines intersect at infinity’. For example, let C' = v(azq + bz + ¢)
and D = v(axy + bxe + d) where a,b,c,d € C* and ¢ # d which define lines
in C2. Then we clearly see that, in the C? plane, #(z,y) € C? such that
(z,y) € C N D. However, in complex projective space, C and D intersect at
the point (\/%W’ —ﬁ, 0). This corresponds to the point ‘at infinity’ that
both the lines pass through in the C2? plane.

8.3 Homogeneous Polynomials

Suppose C is the projection of an algebraic curve C' = v(f) into complex projec-
tive space. We have seen that a point (z,y) lies on C' if and only if f(z,y) = 0.
We therefore wish to see if we can find a similar situation for points (z,y, z) on
C.

As it turns out, it is possible to construct a polynomial f such that (z,y,2) €
C if and only if f(x,y,z) =0. ‘

If C = v(f) and f(z1,22) = Z?io dito aijxllx§~where a;; € Cand p =
deg(f) then we claim that (x,y,2) € C if and only if f(x,y,2) =0 [2, pp25-26],
where f: C? — C by

J?($173327333) = ZZaijxﬁmgng(”j) = f(—,—)a}
i=0 j=0
We give the following sketch proof.
Let (x,y,2) € C. Suppose z # 0, then ¢~ (z,y,2) = (%£,%) € C. Hence

z? z

0= f(o Hx,y,2)) = % and so f(:v,y7z) =0.

Suppose z = 0, then 3(x;,y;)52, € C such that lim;_,o(a;, b, ¢) = (2,9, 2)
where (a;,b;,c;) = ¢(w,y;). But Vi, J?(Hfi,yi,zi) = f(¢™ (zs,ys,2))2". Hence
fz,y,2) = lim;_ o f(ai,éi,ci) = lim; o0 f(24,y:)cf = 0.
~ Conversely, suppose f(z,y,z) = 0. Suppose z # 0, then flo~(z,y,2)) =
% = 0. Hence ¢~ !(z,y,2) = (£,%) € C and so (z,y,2) € C.

Suppose z = 0, then 0 = ]?(337 y,0) = g(x,y) where g(x1,z2) = Zf:o ai(p,i)m’ixg_i.
Then limy,_, o f(hx, hy) = g(z,y) = 0 and so limj,_q (¢~ (x,y,h)) = 0. Hence
(z,9,0) € C.

We say that fis the homogeneous polynomial of f and that, as (z,y, z) € C
if and only if f(z,y,2) =0, f defines the curve C [1, pp32-33].

8.4 Projective Transforms

When considering an algebraic curve C, we note that the properties of this curve
(such as reducibility and degree) are invarient under a general linear transforma-
tion A € GL(2,C) [1, pp35-37]. Correspondingly, when considering a projected
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algebraic curve C , we note that properties of this curve (again such as reducibil-
ity and degree) are invarient under a general linear transformation A € GL(3,C)
[4, p39].

Suppose f € Clx1, za, 23] is the homogeneous polynomial of f € Clxy, 5]
and defines the curve C in CP2. Let A € GL(3,C) and define g(z1, 29, 23) = (fo
A=Y (21,29, 13). Then g(z1,22,73) € Clr1, T2, 73] is a homogeneous polynomial
defining the projective algebraic curve D in CP? with the same properties as C
[1, p40].

8.5 The Intersection of Two Projected Algebraic Curves

If C and D are two algebraic curves which intersect at (z,y) € C? then C and
D intersect at é(x,y) € CP?, although the converse is not necessarily true. For
example, we have already seen that the parallel lines C' = v(axy + bxa + ¢) and
D = v(axy +bry+d), where a, b, c,d € C* and ¢ # d, intersect in CP? but don’t
in C2. However, in 7.2 we saw that two relatively prime algebraic curves C' and
D intersect at only a finite number of points in C?, we therefore ask does the
intersection of two projected algebraic curves still only contain a finite number
of points in H2?

8.6 Theorem - Intersection of Relatively Prime Projected
Algebraic Curves

Let C = v(f) and D = v(g) be relatively prime algebraic curves in C2. Then
C N D contains only finitely many points in Hé.

Proof

Let C = v(f) and D = v(g) be relatively prime algebraic curves in C2.

We define A; and A, as follows:

Ay ={(z,y,2) € H2: (z,y,2) e CN D,z #0}
As ={(z,y,2) € HZ: (2,9, 2) eCnD,z=0}

Note that CN'D = A; U Ay.

Firstly, consider (z,y,2z) € A;. Consider (7, %), which exists and is well
defined as z # 0. Then ¢(%,%) = (z,y,2) and, as ¢ is injective, (£, %) is the
only point in C? mapping to (z,vy,2). Therefore (£,%) € CND. But we have
already seen in 7.2 that C' N D contains only a finite number of points and so
A; does too.

Next consider Ay. If p = deg(f) and ¢ = deg(g) and f(z1,2z2) = 37 >7% il
and g(z1,x2) = Zzio Z;”:/O Bijzix) where ayj, 8;; € C. Then consider the ho-
mogenous equations of f and g, i.e. f/(z1,z2,23) = > 1 ZT:O aijxﬁxéxg_(iﬂ)
and ¢'(z1, 22, 23) = Z;io Z;n:,o ﬂijx’ixgxg_(iﬂ). Then f'(x1,22,0) = Zf:o ai(p_i)xizzrg_i c
Cla1, 2] and ¢ (x1,22,0) = Y1 Big—pyxixd " € Clry,x2). We can then see
that (z,y,0) € Az if and only if f'(z,y,0) = 0 = ¢’(z,y,0) and that this occurs
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if and only if (z,y) € v(f'(x1,22,0)) Nv (g (z1,22,0)), i.e. (x,y) is in the in-
tersection of two algebraic curves. Hence As = v(f/(z1,22,0)) Nv (¢ (21, 22,0))
which, by 7.2, is a finite set. Hence As contains only a finite number of points
in the C? plane. L

Therefore, as A; and Ay both contain a finite number of points, C' N D does
too.

O

9 Resultant

To further understand projected algebraic curves and their intersections, we now
introduce the resultant function R : Clzy, xe, 23] X Clx1, 2o, 23] — Clz1, 29].
This gives us additional information about the homogeneous form of the poly-

nomials f and g. This will in turn tell us more about the properties of the curve
C=v(f)and D = v(g).

9.1 The Resultant Function

Let fv,ﬁ € Clz1, 22, 23] be the homogeneous forms of the polynomials f,g €
Clx1, 23] respectivly. Wel may write f as f(x1,22,23) = Y 1oy a;xh and g as
(1,20, 23) = E?:o B;x} where oy, 3 € Clzy,x2]. We define the resultant of
f and g as the determinant of the Sylvester matrix whose elements have come

from the coefficients «; and §; [4, p52]. Therefore the resultant of f and g is
defined to be

Qg aq “ee Qo 0 0 e 0

0 ay oq a, 0 0

0O -~ 0 a a - am O

~ . 0 0 e 0 Qg (o731 N Qo
Rig(x1, w2) = det Bo B Ba O O - 0
0 B K - B 0 -+ 0

0O -~ 0 Bo B -+ Bu O

o 0 -~ 0 Bo B - Dbn

9.2 Properties of Resultant

Let f,G € Clx1, z2, 23] be homogeneous polynomials of f and g. The following
properties of the resultant function Ry (1, x2) are given without proof [4, pp53-
54]:
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1. If ]?(070, 1) # 0 # ¢(0,0,1) then fand g are relatively prime if and only
if Rfﬁ(mla 1}2) 75 O(C[azl,xg]-

2. Let f(x1,a0,33) = [[Zo(zs — i) and g(a1,20,23) = [[[_o(z3 — 5;)
where o, 3; € Clz1, 2] Then R (21, 22) = [[1<;<m1<j<n(@i(@1,22) —

ﬂj(xlva))' 77777

3. Suppose ]""V and g are relatively prime. Let m = deg(f) = deg(f) and
n = deg(g) = deg(g). Then deg(R 7;(x1,22)) = mn.

4. Suppose f and § are relatively prime. Then Rﬁ(a, b) = 0 if and only if
ary — br1[R s (21, x2).

5. Suppose f and ¢ are relatively prime. Then R%(m b) = 0 if and only if

dc € C such that f(a,b,¢) =0=g(a,b,c).

10 Bézout’s Theorem

We have already seen that the number of points of intersection of both two rela-
tively prime algebraic curves and two relatively prime projected algebraic curves
is finite. Using Bézout’s Theorem and the newly defined resultant function we
are now able to calculate a specific upper and lower bound for the number of
points of intersection of two relatively prime projected algebraic curves. This
upper bound will therefore also apply to relatively prime algebraic curves too,
as the number of points of intersection of two relatively prime algebraic curves
is less than or equal to the number of points of intersection when these curves
are projected into complex projective space.

10.1 Lemma - Intersection of Projected Algebraic Curves
is Non-Empty

Let C = v(f) and D = v(g) be algebraic curves in C2. Then C N D # 0 [4,
p54].

Proof

Let C = v(f) and D = v(g) be algebraic curves in C2, f’ and ¢’ be the
homogeneous polynomials of f and ¢ respectivly and m = deg(f) and n =
deg(g). If ged(f’,g") > 1, then, by 9.2 (1), Ryrgr = Oclz, 29,25 If f" and ¢
are relatively prime then, by 9.2 (3), deg(R4/) = mn. In both cases 3(a,b) €
C?\(0,0) such that R4 (a,b) = 0 and so by 9.2 (5) 3¢ € C such that f'(a,b,c) =
0= ¢'(a,b,c). Hence (a,b,¢) € CND and so C N D # 0.

O
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10.2 Weak Bézout’s Theorem

Let C = v(f) and D = v(g) be relatively prime algebraic curves. Then |CND| <
mn where m = deg(C) and n = deg(D) [2, pp30-31] [4, pp54-55].
Proof o
Assume |CND| > mn. Then 3pg, p1,- .-, Pmn € Hé such that p; € CND. Let
L;; (with i < 7) be the line in C?, with equation l;;(x1, z2), whose projection, E/U
in CP?, passes through p; and p;. Let h = fg HO<Z<j<mn ij. Assume Vq € HZ,

qc V(f>UV( UUO<1<]<mn L’LJ Then vq € (C2 qc V(f)UV( )UU()§z<j§mn LZJ
and so v(h) = C?. Therefore h(q) =0 = h = Og[y, 4,], Which is a contradiction.
Hence 3¢ € HZ such that

g¢vfiuviu |J Ly

0<i<j<mn

Without loss of generality, we may assume that ¢ = (0,0, 1), as, if it is not,
we may apply a projective transform, A, in order to make it so 3, p104]

Then, as (0,0,1) ¢ 1(F) U () UUe;ejcmn Lisr F(0,0,1) £ 0 # 5(0,0,1).
As C' and D are relatively prime, C and D are too and so, by 9.2 (1), ng #0.
As deg(f) = deg(f) = deg(C) = m and deg(q) = deg(g) = deg(D) = n, by 9.2
(3), deg(Rz;) = mn. Let (ai,bi,c;) = p; then Ry, (a;,b;) = 0 and so, by 9.2
(4), ;T — bz$1|Rf§

Suppose 3i,j € No, A € C such that ¢ < j and a;x2 — bjx1 = A(ajze —bjz1).
Then (a;, bi, ¢;) = Ma;, bj,¢;) and so l;; = a;x2—b;x1. Hence (0,0,1) =g € LNij,
which is a contradiction as ¢ was assumed not to lie on any of the IA/; lines.
Hence all of the pairs of a;xo — b;x; factors are relatively prime.

Therefore R, (21, 22) = a(z1,22) [[}2(aizs — biw1). But this implies that

deg(R ;) > mn, Wthh is a contradiction. Hence |C'N D| < mn.
O

Note that, as (z,y) € C N D = ¢(z,y) € C N D, we observe that |C' N D| <
|C N D] < deg(C)deg(D).

10.3 Intersection Number

We have seen that 2 relatively prime algebraic curves intersect at at most
deg(C) deg(D) distinct points in C? and CP?. However, by considering the
situation of ‘multiple intersections’, we may construct an even stronger state-
ment.

When considering polynomials in one variable, we say that f € C[z;] has a
root of multiplictiy m at « € C if and only if f(a) = f'(a) = --- = f™ D(a) =
0 and f(™)(a) # 0.

Similarly, when considering polynomials in two variable we say that f &
Clz1, x2] has a root of multiplictiy m at o € C? if and only if f(a) = 8%1 () =
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m—1 m—1 .
8%Qf( o) = 82f( a) = 63:2 (a):~~-:% (a):% () = 0 and either
gem [ (@) # 0 or o f(a) # 0.3

Let C and D be algebraic curves. Suppose that CnD = {p1,p2,---Pr}
where, by 10.2, k < deg(C)deg(D) and p; = (a;,b;,c;). We have seen that,
without loss of generality, we may assume that

0,01 ¢v(fHuriu  |J Ly

0<i<g<mn

Where L;; (with ¢ < j) is the line whose projection I’IJ passes through p; and
p; in CP?

This 1mphes that f(O 0,1) #0#4(0,0,1). AsC and D are relatively prime,
C and D are too and so, by 9.2 (1), R (x1,22) # 0. As deg(f) = deg(f) =
deg(C) = m and deg(g) = deg(g) = deg(D) = n, by 9.2 (3) deg(Rj;(21,22)) =
mn. Then Vi, ’ng(ai,bi) =0 and so, by 9.2 (4), a;z9 — bizl\ng(zl,xg).

Using this we may now define the intersection multiplicity of f and g at
p = (a,b,c) € CP? [4, p59], I: CP? x C[xy,x2] x Clay, 73] — No U {00}, by

I(p, f,g9) = max{i € No U {oo}: (azxa — ba1)'| Ry g (w1, 72)}
10.3.1 Remark

Note that I satisfies the following key properties® [1, p42] [4, p59] [5, p478]:

)_I(pmg»f)

I(p, f,9) = o if and only if ged(f, g)(p) =0

1(p,
(
I(p, f,g) = 0 if and only if f(p) # 0 or g(p) # 0
(
(
(

o I(p,x1 —a,za—b)=1

L Ip fﬂhg)_I(p7f> )+I(p,f,g),Vh€(C[(L‘1,LL‘2]
L Ip7f+gh g)_I(p7f7 ) Vhec[xth]

10.4 Strong Bézout’s Theorem

Let C = v(f) and D = v(g) be relatively prime algebraic curves. Then Zpeémf) I(p, f,9) =
mn where m = deg(C) and n = deg(D). [2, p31] [3, pp112-115]
Proof

3If f and g intersect at p, we may think of the intersection multiplicity of f and g at
p as the maximum number of intersections it is possible to ‘split’ p into by applying small
perterbations to the polynomials f and g [1, p35].

4Infact it is by these properties that I(p, f,g) is actually computed for a particular point

p.
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Assume that we have CND = {py, pa, . .. pr} where, by 10.2 k < deg(C) deg(D),
and p; = (ai,b;,¢;). Let L;; (with i < j) be the line in C?, with equation

l;j(z1, ), whose projection, L;; in CP?, passes through p; and p;. As before,
without loss of generality, we may assume that

0,01) ¢v(fHuriu  |J Ly

0<i<gj<mn
We claim that

k
Ri (w1, 2) = a [ [ (aiwn — biwy) )

=1

Clearly, from the definition of I(p, f, g), Hle(ai;vg—bixl)l(p’ﬁg)|Rf§(x1, Z2).
Therefore Ry g (x1, x2) = a(x1, 22) Hle(aingbixl)l(p’f’g) where a € C[zy, z2)
and Vi, ged(o(z1,22),a;22 — biz1) = 1. Suppose deg(a(z1,22)) > 0 then
v(a(x1,72)) is an algebraic curve and so, by 4.1, v(a) # 0. Let (a’,b') € C?
be such that a(a’,b) = 0. Then Rz (a’,b') = 0 and so 3¢’ € C such that

f(a’,b’,c’) =0 = g(a,b,c). Therefore (a',V/,c) € C N D and so Ji such
that (a’,b',¢') = p;, which is a contradiction. Hence deg(e) = 0 and so
Rﬁ(xl,xg) = O[Hle(ail'g — bixl)l(p’f’g) where o € C*

Therefore by considering the degree of each side of this equation we see that

k
> Ip. f.9) = deg(a [ [(aiws — b)) P I9) = deg(R g (1, 32)) = mn

peCND i=1
O

Hence from 10.1,10.2 and 10.4 we conclude that, if C and D are projections
of algebraic curves C' = v(f) and D = v(g) with no common components into
complex projective space, then

LlcnD|<|CnDl< Y Ip, f,g) = deg(C) deg(D)
peéﬂf)
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